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ABSTRACT

We examine scattering of waves by a vortex under the f-plane approximation. Two kinds of vortices are considered: eddies (where the
angular velocity decreases monotonically with radius) and rings (where the angular velocity peaks at a certain radius before decaying). Both
kinds can reflect more energy than the incident wave carries, but over-reflection by eddies is relatively weak, whereas that by rings can be
infinitely strong (hyper-reflection). The difference is attributed to stronger or weaker centrifugal force and other curvature-related effects. It
is also shown that a hyper-reflecting flow is always marginal to a range of unstable flows, but the converse does not hold: flows that are
unstable at frequencies lower than the minimum frequency of inertia-gravity waves cannot radiate; hence, do not hyper-reflect. Finally, we
derive an asymptotic model for the coupled dynamics of a vortex and a spectrum of small-amplitude random waves. It is shown that, if the
vortex hyper-reflects a certain wavenumber and this wavenumber is present in the spectrum, hyper-reflection almost immediately drains a
significant proportion of the vortex’s energy.
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I. INTRODUCTION

It is well known that jets can over-reflect waves, so that the
energy of the scattered field exceeds that of the incident wave.' '* The
excess energy is transferred from the flow to the wave through their
interaction at the critical level, i.e., the straight line where the stream-
wise component of the wave’s phase speed matches the local velocity
of the fluid particles. Over-reflection has also been shown to exist for
vortices,”'® in which case the critical level is a circle where the azi-
muthal component of the wave’s velocity matches the fluid velocity.
Over-reflection of waves by vortices can also be caused by circles
where the radial component of the wave’s phase speed vanishes;'” "
this type of over-reflection is akin to the so-called super-radiance of
black holes.”’

It is natural to assume that a mechanism transferring energy
from a jet or a vortex to waves is likely to cause instability of the for-
mer, with the latter playing the role of unstable perturbations. This
has indeed been shown to occur for various kinds of waves and vari-
ous geometries of the reflecting flows.””' *” Note that this kind of
instability (often called “radiative”) is relatively slow, so that the unsta-
ble jet or vortex survives for a long time in a metastable state.

The present paper examines the limiting case of over-reflection,
where the energy of the scattered field is infinite. This effect is often

referred to as “resonant over-reflection,” but we shall use the rarer but
shorter term “hyper-reflection.” So far, hyper-reflection (H-R) has
been observed only for jets;"”* ' as argued in Ref. 41, H-R occurs
when the incident wave experiences multiple reflections within the
vortex and is amplified each time it passes through a critical level (for
more details, see Sec. IIT A 3). It has also been argued that this effect is
responsible for bursts of energy observed numerically at a large dis-
tance from the jet by Vitidez and Dritschel.”” More generally, H-R is
important for wave-flow energy exchange in atmospheres and oceans
of planets.

In the present paper, we demonstrate that vortices also hyper-
reflect, but only within a relatively narrow range of parameters. As a
result, this effect is much harder to detect than hyper-reflection by jets.
Nevertheless, we have found numerous examples of hyper-reflecting
vortices, but only for rings (where the angular velocity peaks at a cer-
tain radius, then decays) and never for eddies (where the angular veloc-
ity monotonically decays toward infinity). Interestingly, both eddies
and rings support neutrally stable oscillations typically associated with
H-R,"" but those in eddies are always sub-inertial, i.e., their frequency
is lower than the minimum frequency of inertia-gravity waves. As a
result, they cannot be radiated into the open ocean, whereas neutral
oscillations in rings can be superinertial, hence, give rise to H-R.
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This paper has the following structure. In Sec. II, we formulate
the problem mathematically. In Secs. III A and III B, we present our
theoretical and numerical results, respectively. In Sec. IV, we discuss
the relationship of hyper-reflection with radiative instability, as H-R
waves are, in essence, neutrally stable radiative modes. In Sec. V, we
explore how waves affect the vortex scattering them.

Il. FORMULATION
A. Governing equations and the vortex solution

Consider a sphere rotating with an angular velocity Q and let a
thin layer of an ideal fluid adhere to its surface due to gravity. If one is
interested in the flow dynamics near a certain reference point of the
sphere, one can take advantage of the f-plane approximation,” i.e.,
replace the spherical surface with a tangent plane, rotating about an
axis normal to itself, with the frequency f = 2Q sin ¢, where ¢ is the
latitude of the reference point. We shall also use the shallow-water
approximation.

Our interest in vortices suggests the use of polar coordinates, i.e.,
the radius r and azimuthal angle 6. We also introduce the time , the
acceleration due to gravity g, the fluid’s depth A, the radial velocity u,
and the azimuthal velocity v.

Under the f-plane and shallow- water approximations, the flow is
governed by the following equations:*’

@_._ @ E<@_ ) + %7 (1)
ar " “or T \oo g = Iv

v ov v (ov gOh
a‘f’uaﬁ’;(%‘i’ )‘F;% —fu, 2)

oh  O(ruh)  9(vh)

"o or o0
These equations also describe a two-layer fluid if one of the layers is
much thinner than the other and g is the reduced gravity (i.e., the reg-
ular gravity multiplied by the relative density difference between the
layers). Such an approximation—sometimes called a “I.5-layer
model”—applies to both the ocean and the atmosphere (in the for-
mer, the upper “active” layer is much thinner than the lower “passive”
layer, whereas in the latter the opposite is true).
Let hy be a characteristic value of the depth, using which one can
define the so-called internal Rossby radius L = \/gho/f and intro-
duce the following nondimensional variables:

=0. (3)

r
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Rewriting Egs. (1)-(3) in terms of the nondimensional variables and
omitting the subscript ,4, we obtain
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Equations (4)-(6) admit a steady solution, describing a radially sym-
metric vortex,

h=H(r), u=0,

where H and V satisfy the so-called gradient-wind balance, "

v=V(r),

——V-- V2 =0. 7
dr @
Physically, this condition reflects the balance of the pressure gradient,
Coriolis force, and centrifugal force [the first, second, and third terms
in equality (7), respectively].
In what follows, it is assumed that

H—1, V—0 as r— oo, (8)

where the first limit implies an appropriate choice of the scale hj used
for nondimensionalization.

Finally, we shall need the energy conservation law, which can be
deduced by considering the following combination of the governing
equations:

w ?
rhu x (1) + rhv x (2) + <7+?+h) x (3),

and thus obtain
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is the planar density of energy and

2 2 2 2
Q,:mh(“ ;” +h), Q9:0h<u er” +h>

are the components of the energy flux.

B. Linearization and harmonic solutions

Scattering of waves by vortices is described by solutions of the
form,

u=cei(t,r,0)+0(), v=V(r)+eb(t,r,0)+O(?),
h = H(r) + ¢h(t,r,0) + O(),

where the tilded variables describe the wave and ¢ is a small parameter
characterizing the wave amplitude. Linearizing equations (4)-(6), one

obtains
om V(on _\ © oh
E+7<%_U)_?V+E_v7 (10)
o, dv v (au ) 10h . an
ot ar 90 ro0 "
oh a(mH) (Vi +tH)
ret T T 50 =0. (12)

Given the linearity of the problem, it is sufficient to examine har-
monic solutions,
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it = 2Re [i(r)e k=1, (13)
7 = 2Re [ ( ) i(kO— (ut)]7 (14)
h = 2Re [h(r)e" =], (15)

Without loss of generality, @ can be assumed positive, whereas k can
be either positive or negative, but necessarily an integer [otherwise
solution (13)-(15) is not be periodic in 0]. The direction of the wave
propagation is determined by the sign of the phase speed
®/k—hence, by that of k.

Substitution Egs. (13)-(15) implies that we consider a single
wave focused on the center of the vortex, which is an idealized situa-
tion, rarely arising in the real ocean. It is examined only as a first step,
just to elucidate the qualitative properties of wave scattering by vorti-
ces. With this done, the results will be extended to a broad spectrum
of waves propagating in all directions (see Sec. V).

Substituting Egs. (13)-(15) into Egs. (10)-(12), one obtains

,(kv ) ( 2V> dh
i——o 1+ b+—=0, (16)
r dr

(kV . vV dv ik -
i|——w |0+ |1 4+—+— | +— h—O (17)
r r dr
(kV - 1d(raH) ikH
i|——owh+- +—
r r dr

Equations (16) and (17) can be used to express it and i through h,

2V\ k » kv dh
—\1+—)-h+ |-

A r)r dr

u =iF R

i =0. (18)

I (19)
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H
where
H
F— . (21)

( v dv)( ZV) ( kv)2
I+—+—(1+=) - (0-—
r dr r r

Substituting expressions (19) and (20) into Eq. (18), one obtains, after
straightforward algebra,

k—cl 1+—2V F
d djl K dr r A
S ) e 9N — 22
dr<err> rF+ v +roh=0. (22)

r

This equation has arisen in numerous papers, mainly in the context of
the stability of vortices (e.g., Refs. 45-47).

Equation (22) requires boundary conditions for hatr=0and
as r — 00, which are discussed in Sec. I C.

C. Boundary conditions

Equation (22) describes an arbitrary linear perturbation super-
posed on a vortex. To single out a free wave coming from infinity and
reflecting back, one needs to examine the behavior of h(r) asr — oo.

pubs.aip.org/aip/pof

Under boundary conditions (8), Egs. (21) and (22) reduce to a partic-
ular case of the Bessel equation,

d( r dh .
5<1_w25)—rh:0 as r — oo. (23)

Either recalling the asymptotics of the Bessel functions or carrying
out basic asymptotic analysis of Eq. (23), one can deduce that

h = r"l/z(C_e_iqr + C+eiq') + O(r_3/2) as r — 0o, (24)
where C- are the arbitrary constants and

g=Vo? -1 (25)

is, physically, the radial wavenumber. In what follows, g will be used
to characterize the wave instead of w, with the latter given by
® = /1 + ¢* (which is the nondimensional dispersion relation of
inertia-gravity waves).

Substituting asymptotics (24) into solution (13), one can see that
¢7'" describes a wave propagating toward the center of the vortex,
whereas €' describes the wave propagating toward infinity. Thus, to
describe scattering, we set C_ = 1 (the incident wave has unit ampli-
tude) and C,. = R (where R is the reflection coefficient), and obtain

ho= V27 4 RElT) 0(7_3/2) as r— o0. (26)

One also needs a boundary condition at the center of the vortex. To
derive it, note that, as  — 0, one of the two linearly independent sol-
utions of Eq. (22) tends to zero (h ~ 1'¥) and the other, to infinity
(h ~ r¥). In most problems—such as vortex stability, for example—
one would routinely discard the latter. In the problem at hand, how-
ever, the singular solution is physically meaningful: it describes a
circular wave focusing onto, or defocussing away from, the origin.

This issue is examined in Appendix A. It turns out that, in the
end, the condition of regularity does apply, which amounts to

h= (’)(r‘k‘) as r— 0. (27)

This condition implies that the singularities of the focusing/incoming
and defocussing/outgoing waves cancel each other. Physically, their
superposition can be viewed as a standing mode with a node at r = 0.
_ Boundary-value problem (22), (26) and (27) determines both
h(r) and R. Situations where |R| > 1 will be referred to as over-
reflection of the wave (k, q) by the vortex with a profile H(r).

Ill. RESULTS
A. Analytical results

1. The unitarity condition

As shown in Ref. 41, the scattering coefficients for jets satisfy a
certain “unitarity condition,” and a similar condition holds for vorti-
ces. Since the coefficients of Eq. (22) are real, the complex gonjuggt*e
of the solution is also a solution, hence, the Wronskian of & and & ,
which can be defined as

o (dh.+ dh
Wr-lrF(d h _drh> (28)

does not depend on . Then, recalling asymptotics (27) as r — 0 and
asymptotics (26) as r — 00, one can show that
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lim Wr — (IR* =1). (29)
r—00 q

These two results and the constancy of Wr imply that |R| = 1, so that
no over-reflection occurs.

Note, however, that the Wronskian theorem holds only for equa-
tions with smooth coefficients, but if they are singular at some points,
the Wronskian can “jump,” i.., abruptly change its value. This cir-
cumstance is important, as the coefficients of Eq. (22) are indeed sin-
gular at critical levels, i.e., the points 7, such that

lim Wr =0,
r—0

o V
—=— at r=r, (30)
k r

and also points 7, such that

vV odv 2V kv\?
14—+ — 1+—)=lw—— at r=r,, (31)
rdr r r

in which case the coefficient F becomes singular [see Eq. (21)]. For rea-
sons explained later, these singularities will be referred to as “apparent.”

2. Critical levels

Physically, equality (30) makes the azimuthal component of the
wave’s phase speed match the angular velocity of the vortex. Similar
singularities (but with the linear phase speed and velocity) arise in jets.
It is well known that over-reflection never occurs in a jet without criti-
cal levels, and the same will be shown for vortices in this subsection.

Critical levels—both in jets and generally—can be regularized by
expanding the model: consider arbitrary-evolving disturbances
instead of harmonic ones,”® ' or nonlinear disturbances,”””” or
include in the model dissipation.”* Then the new effect should be
phased out: the limiting solution would behave singularly on both
sides of the critical level, but the two behaviors would be inter-related
in a physically meaningful way.

In this work, critical levels are regularized by dissipation. As
shown by Case™ and Dikiy"” for a similar problem, the limiting
behavior of the solution does not depend on the nature of dissipation,
allowing one to use the simplest option—the so-called Rayleigh vis-
cosity—i.e., replace ® with o + i¢ and take the limit ¢ — 0%. In the
context of the problem at hand, the Rayleigh viscosity is justified
physically: it would arise naturally if Egs. (1)-(3) were modified to
describe weak viscous friction between the flow and the ocean’s bot-
tom™ (in which case ¢ would be the friction coefficient).

Thus, replace  — @ + ie in Egs. (21) and (22) and introduce a
local variable, & = r — r.. A Frobenius-style analysis yields two line-
arly independent solutions of the form,

hy =&+ 0(&),
hy =1—-B[In (& - .ie) —1] + O(EIn¢é) as ¢—0,
(32)

where

dr r d /v
B i Tl
iy :
dr\r .
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For ¢ > 0, both h 1 and flz are analytic at the critical level, but in the
limit ¢ — 0, only A, is analytic, whereas h, is such that

hy =1-Bl(In|é|—1-pin) + O(21n¢) as &— 07,
hy =1-Bl(In|é|—1)+O(E1Iné) as &— 0.
Let the general solution be
h = Arhy + Ashy, (34)

where A are the arbitrary constants. Then, calculating Wronskian
(28) and keeping in mind that h(0) = A, [as follow from Egs. (34)
and (32)], one obtains

lim(lim wr = lim Wr) = 2f.B|h(0)]%. (35)

60\ E=0T

Assume for simplicity that there is only one critical level. Then, the
constancy of the Wronskian within the intervals (0,7.) and (., 00)
and equalities (29), Eqgs. (34) and (35) yield

—d {(1+LV)F}
2 dr r 22
RE=14ngd TN T2 1j : (36)

r=r,

Identity (36) allows one to test a given vortex and a given wave for
over-reflection: one should find the position of the critical level and
check the sign of the expression in the curly brackets on the right-
hand side of Eq. (36). If this expression is positive, the critical level
over-reflects (amplifies the wave), and it under-reflects (dampens the
wave) otherwise.

Identity Eq. (36) can also be used to distinguish over-reflecting
and non-over-reflecting vortices.

To do so, select an arbitrary point in the vortex’s profile.
Denoting the wavenumbers of the wave that has a critical level at this
point by (k, g) and taking into account that

o kv (r)

e

,  sgnk=sgnV(r),

one can examine the sign of the expression in the curly brackets in
identity (36) and thus verify that a vortex over-reflects if and only if

v/ H N (37
¥l v av| > )
1+—4—
r dr

All examples of H(r) which we examined while working on this prob-
lem happen to satisfy this criterion at least for some r, and we have
been unable to find an example for which (37) is never satisfied. Even
though this does not prove that all vortices over-reflect, this is a good
indication that they do.

Finally, identity (36) can be readily extended to situations with
several critical levels. Denoting their total number by N and treating
the subscript . as the critical level's number, one obtains

2

2 N dr r T2

RP =1+mqy ==t Ih|
c=1

i (7)

sgnk

r=r,
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3. Apparent singularities

Despite the singularity of the coefficient F at points determined
by condition (31), the solution of Eq. (22) is such that Wronskian (28)
is continuous. For jets, this has been shown by Boyd,” and for vorti-
ces, in Appendix B of the present paper.

Since apparent singularities do not affect the continuity of the
Wronskian, one might conjecture that they can be completely
removed from Eq. (22) by a suitable substitution, the same way they
were removed from a similar problem by Vanneste and Yavneh™ and
Wang and Balmforth.” Such a conjecture is further supported by the
fact that the singular terms in the Frobenius expansion of & near an
apparent singularity cancel beyond the order necessary for continuity
of W (see the Appendix B).

Physically, apparent singularities seem to be important. As
argued in Ref. 41, they typically flank an over-reflecting critical level
on both sides, acting as potential barriers, and the resulting multiple
reflections give rise to a resonance causing H-R. Note that the pres-
ence of two apparent singularities is a necessary, but not a sufficient
condition for H-R, as two barriers form a resonator only if they are
separated by a certain distance. Furthermore, the barriers created by
apparent singularities are partially transparent and, thus, let the cap-
tured waves “leak” from the resonator. This circumstance imposes an
extra requirement: H-R can occur only if the energy lost through leak-
age is small enough to be replenished when the waves pass through
the over-reflecting critical level.

B. Numerical results

It turns out that the strength of over-reflection by a vortex
depends on whether its angular velocity, V/r, is a monotonic function
of r. For the sake of brevity, we shall refer to monotonic vortices as
eddies and to non-monotonic as rings (because these can be viewed
as circular, ring-like currents). Some examples of eddies and rings can
be found in Fig. 1.

The difference between the two kinds of vortices will be illus-
trated using the following example:

tanh 2“—" { tanh ot r
H=1+AH W W (38)
2tanh ——

w

where AH, W, and r, are the vortex’s amplitude, width, and radius,
respectively. Straightforward algebra shows that profile (38) with

1
T—M”, <1In(5-2v6) " ~ 1.1462,

represents eddies, and it represents rings otherwise. Note also that, in
the limit

/W — o0,

profile (38) tends to the so-called Bickley jet (tested for over- and
hyper-reflection by Refs. 39 and 41, respectively). We have also tested
examples other than (38)—inter alia, with erf instead of arctan —and
found that (38) is qualitatively representative of all vortices.

When choosing parameters for illustrating our results, we kept
in mind that quasigeostrophic vortices (such that |AH| < 1) are
characterized by small angular velocity and allow for critical levels

ARTICLE pubs.aip.org/aip/pof

only for waves with large k [see equality (30)]. It has turned out, how-
ever, that over-reflection of such waves is weak and so this parameter
range is of little interest. Thus, we shall focus on strongly ageostrophic
vortices and illustrate our results using the particular case
AH = *0.9. Physically, this parameter range describes oceanic near-
surface lenses and similar large-amplitude vortices.

Boundary-value problem (22), Eqgs. (26) and (27) was solved
numerically using the algorithm described in Appendix C. The results
obtained are described below.

1. Eddies

It has turned out that over-reflection of waves by anticyclonic
eddies is weak. For the eddy shown in dotted line in Fig. 1, for exam-
ple, |R| =1.00001 for all (k,q). One might think that over-reflection
would strengthen for smaller W—i.e., larger shear of the vortex
flow—Dbut the gradient-wind balance (7) with a large negative dH/dr
makes V complex. Physically, this means that the hydrostatic pressure
gradient and centrifugal force are too strong to be balanced by the
Coriolis force.

For cyclonic eddies (AH < 0), no such problem arises, as the
centrifugal force acts against the pressure gradient and with the
Coriolis force, so that the limit W — 0 does not make V complex. It
turns out, however, that, with decreasing W, [R| grows very slowly:
even for W =r, = 0.05 (and AH = —0.9), the maximum value of
|R| is less than 1.02. Given that W is nondimensionalized by the
Rossby radius, we conclude that over-reflection by sensibly sized
cyclonic eddies is insignificant.

2. Rings

The scattering properties of rings depend primarily on r, (ie.,
the ratio of its dimensional radius to the Rossby radius).

Unsurprisingly, rings with sufficiently small radii behave simi-
larly to eddies. For r, =2 and AH = 0.9, for example, hyper-
reflection (H-R) does not occur for any W, and even over-reflection is
weak: |R| < 1.04 for all W and (k, q).

The scattering properties of larger rings are different: if r,
exceeds a certain threshold (for AH = 0.9, it is between 2.7 and 2.8),
there exists a value of W for which H-R occurs for a certain range of k
(see Figs. 2 and 3).

The following comments are in order:

* Hyper-reflected waves correspond to first-order poles of the
reflection coefficient, which was established by computing the
function |R(q— qn)|, where g, is the radial wavenumber of
the H-R wave, and showing that

L= lim |R(q—qn)| < 0.
4=9n

This result is illustrated in the lower panels of Figs. 2 and 3.

* Interestingly, the actual values of the limit L happen to be rather
small; in the cases illustrated in Figs. 2 and 3, for example,
L=<0.04. As a result, the H-R peaks appear narrow: if g moves
away from gy, by, say, 0.1, the reflection coefficient |R| becomes
order-one.

* The H-R peaks are also sensitive to small changes of W. If, for
example, curve k = —4 in Fig. 2 were redrawn for W = 0.6500
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FIG. 1. Examples of rings described by expression (38): (a) depth, (b) angular velocity. Rings with AH = 0.9 are shown in solid line: the two rings with r, = 3 correspond
to W = 0.6149, 0.6370; and the four rings with r, = 4 correspond to W ~ 0.4571, 0.4690, 0.4904, 0.5437. The circled numbers show the azimuthal wavenumber k at
which the rings hyper-reflect (their scattering characteristics are illustrated in Figs. 2 and 3). The dotted line shows an eddy with r, = W = 1.74 (does not hyper-reflect).

(instead of W = 0.6370), the maximum reflection coefficient If, during this evolution, the vortex happens to hyper-reflect, it
would be |R| ~ 1.11 (instead of |R| ~ c0). would almost instantly lose an order-one fraction of its energy
The high sensitivity of H-R to parameter changes likely stems (more details given later is Sec. V).

from its resonant nature, i.e., even a small variation of, say, the * As r, increases, the range of k where H-R\occurs expands: for
width W can tune the ring out of resonance. This should affect r, = 3,itisk = -3, —4; for r, = 4, itis k = =3, —4, =5, —6, etc.
observability of H-R in the real ocean. One should keep in mind, * H-R also occurs for cyclonic rings, but for larger q and smaller
however, that real vortices are influenced by large-scale flows W. For r, =3, AH=-0.9, and k=4, for example, H-R
and changing oceanic conditions, and thus evolve continuously. occurs at g ~ 2.128 and W ~ 0.1037, whereas the anticyclonic
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30—

20

IR|

FIG. 2. Dependence of the reflection coefficient on the radial wavenumber, for rings (38) with AH = 0.9 and r, = 3. The two curves correspond to W ~ 0.6149 (hyper-
reflects waves with k = —3) and W =~ 0.6370 (hyper-reflects waves with k = —4). For k > —2, critical levels do not exist (hence, |R| = 1 for all W and g); for k < —5, crit-
ical levels exist but do not cause hyper-reflection (|R| < 1.066 for all W and g). The wavenumbers gy of the hyper-reflected waves are marked with dotted lines. The lower

panel illustrates that the H-R singularity is a first-order pole, |R| ~ |q — qn| ™"

counterpart of this ring over-reflects at g~ 0.7413 and
W =~ 0.6370.
* Recall that critical levels can be either over- or under-reflecting .

(depending on whether or not condition (37) is satisfied). With
this in mind, it is interesting to interpret H-R in terms of the
locations of the available critical levels and apparent
singularities.

We found that H-R always occurs when the over-reflecting criti-
cal level is located between two apparent singularities, whereas
the other critical level can be either over- or under-reflecting

(see Fig. 4). The same pattern has previously been noted for jets
in Ref. 41.

More generally, Ref. 41 hypothesized that H-R occurs when a
wave “oscillates to and fro between two apparent singularities
acting as barriers, and each time it passes through the over-
reflecting critical level, its amplitude grows.” It should be
emphasized that the barriers created by the apparent singulari-
ties are partially transparent, but the energy leaking through
them is replenished when the wave passes through the over-
reflecting critical level.
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FIG. 3. As in Fig. 2, but for rings with AH = 0.9, r, = 4, and W =~ 0.4571, 0.4690, 0.4904, 0.5437 (hyper-reflect waves with k = —3, —4, —5, —6, respectively).

The same happens for vortices, as the over-reflecting critical
level is always located between two apparent singularities (as
illustrated in Fig. 4).

* According to Ref. 41, the Bickley jet hyper-reflects for all values
of the parameters involved, whereas its vortex counterpart, ring
(38), hyper-reflect only if its width W assumes one of several dis-
crete values.

To understand why, recall that, for a ring, the azimuthal wave-
number k of the hyper-reflected wave must be an integer,
whereas for a jet, the corresponding parameter (stream-wise
wavenumber) does not have to. Thus, the extra requirement in

the former case implies an extra constraint on the ring’s
parameters.

* Intuitively, one should expect that hyper-reflected waves should
always exist in the large wave number limit,

k— o0, gq— o0,
but only if the wave’s azimuthal velocity remains finite, and that criti-

cal levels exist,
\%
mE

4 — const < max

K]
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FIG. 4. Positions of the singular points vs g, for the waves with k = —3 and the
ring with AH=10.9, r, =3, and W ~ 0.6149 (these parameter values corre-
spond to curve —3 in Fig. 2). Circled a marks the apparent singularities, circled +
and — mark the over- and under-reflecting critical levels, respectively. The point
where one of the critical level switches from under- to over-reflection is marked on
the corresponding curve with a vertical tick. The wavenumber of hyper-reflection is
marked with a dotted line (observe that H-R occurs when one of the critical levels
under-reflects).

IV. DISCUSSION
A. Hyper-reflection and radiative instability

To examine a vortex for radiative instability, one can reemploy
two of the three tools used for hyper-reflection: linearized equation
(22) and boundary condition (27) at the center of the vortex.
Boundary condition (24) at infinity, in turn, should be modified by
setting C_ = 0 and, thus, omitting the incident wave. Letting also
C, =1 (which does not cause loss of generality due to the linearity of
the problem), one obtains

ho= 1260 O(r_S/z) as 1 — oQ. (39)

Equation (22) and conditions (27) and (39) form an eigenvalue prob-
lem where h(r) is the eigenfunction and w the eigenvalue. The vortex
is stable if all existing eigenvalues are such that Im < 0.

Recall that the radial wavenumber ¢ is related to @ by dispersion
relation (25); hence, g is generally complex. Keeping in mind that the
eigenfunction should not grow as r — oo and the radiated wave trav-
els away from the vortex, one should complement boundary condi-
tion (39) with

Imgq >0, Reg=>0.

Dispersion relation (25) shows that these conditions can be both satis-
fied only if Imw > 0, i.e., for unstable or neutrally stable disturban-
ces. In the latter case, Img =0, and condition (39) describes a
cylindrically diverging wave without an incident one, i.e., hyper-
reflection.

This conclusion does not come as a surprise: as shown in Ref. 41
for jets, a hyper-reflected wave is always marginal to a range of unsta-
ble disturbances captured by the jet; thus, either an increase or a
decrease in any parameter renders the wave unstable and spatially
localized. We have checked (but did not include the actual derivation
in the present paper) that a similar conclusion applies to vortices: an

ARTICLE pubs.aip.org/aip/pof

infinitesimal change of the ring’s width W or amplitude AH, or radius
1, turns a hyper-reflected wave into an unstable disturbance decaying
asr — 0o.

To confirm and illustrate this conclusion, the instability problem
for rings was solved numerically by shooting. Two branches (modes)
of unstable disturbances have been found. For both, the dependence
of m on W (with AH and r, fixed) and that of ® on AH (with W and
r, fixed) are illustrated in the left- and right-hand parts of Fig. 5,
respectively. Note that the values of the fixed parameters, W = 0.637
and AH = 0.9, were chosen to correspond to a hyper-reflected wave
with k = —4.

Evidently, both modes are unstable in finite intervals of W and
AH, bordered by two pairs of disturbances with Im @ = 0, but only
one of these four is an H-R wave.

To understand why, observe that the other three neutrally stable
disturbances are sub-inertial (w < 1), i.e., outside the frequency range
of free inertia-gravity waves, for which w = /1 + g*> > 1. We con-
clude that sub-inertial disturbances cannot propagate away from, and
are captured by, the vortex.

We conclude that the radiative and non-radiative/captured
instabilities occur in the transparent and opaque parts of the wave
spectrum, respectively.

The corresponding eigenfunctions are illustrated in Fig. 6: an
example of a radiative disturbance is shown in panel (a) and two
examples of non-radiative disturbances are shown in panels (b) and
(c). Observe that the amplitude of the radiated wave in panel (a) is
decreasing with distance, and not only due to cylindrical divergence,
but also because its radial wavenumber g has a positive imaginary
part (unlike that of a hyper-reflected wave).

Thus, hyper-reflection always indicates that the correspond-
ing ring becomes unstable if its parameters are slightly changed.
Yet this does not make H-R uninteresting or unimportant, as
unstable geophysical vortices do not necessarily disintegrate.
They are associated with “blobs” differing from the surrounding
fluid by physical characteristics (temperature, salinity, density,
etc.). Unlike unstable vortices in homogeneous media, such a
blob can disintegrate only if it breaks up into smaller blobs; oth-
erwise, it radiates waves and slowly spins down while spreading
out and becoming thinner. The former scenario occurs only for
large geophysical vortices,” " whereas smaller ones should keep
radiating for a long time. It is no coincidence that the character-
istic times of radiative instability are typically small (see, for
example, Refs. 6, 21-34, and 36 and the lower panels of Fig. 5 of
the present paper).

B. Jets vs rings vs eddies

Consider a parallel flow on the f-plane, characterized by the
depth profile H(y) where y is the cross-stream coordinate, and the
velocity profile is

H

iy
dy

Let this flow be a unidirectional jet, i.e.,

U(y) > 0,

U—0 as y— *oo,
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FIG. 5. The frequency w of disturbances with k = —4 for rings described by expression (38) with r, = 3. The left-hand panels show the graph of w vs W, for AH = 0.9;
the right-hand panels show w vs AH, for W = 0.637. The regions of radiative instability (Rew > 1) are shaded, the black dots mark the hyper-reflected wave (it corre-
sponds to the peak labeled “—4" in Fig. 2). The eigenfunctions corresponding to the points a, b, and c are plotted in Figs. 6(a)-6(c), respectively.

and introduce the nondimensional potential vorticity (PV),

dU\ 1
- (-5)w

It can be readily shown that, at the jet'’s maximum, dQ/dy is positive,
but it becomes negative as y — *oc. Thus, the PV gradient changes
its sign, making all jets on the f-plane potentially unstable, and all of
the particular examples examined so far have indeed turned out to be
(e.g., Refs. 62 and 63 and references therein).

Recalling that instability and hyper-reflection are related, one
can further conjecture that all jets hyper-reflect as well, and the partic-
ular examples examined in Ref. 41 agree with this hypothesis.

Thus, the present results and those of Ref. 41 can be summarized
as follows:

¢ All jets are likely to hyper-reflect.

* A large ring hyper-reflects only if its width assumes a value from
a certain set.

* Eddies and small rings never hyper-reflect.

The three kinds of flows can also be characterized by the extent
to which they are affected by shear and centrifugal force (the lat-
ter depends on the flow’s curvature):

* Jets are affected only by shear.

* Large rings are affected by shear and, to some extent, centrifugal
force and other curvature-related effects.

* Small rings and eddies are affected by centrifugal force and cur-
vature more strongly than the other two kinds of flows.

A comparison of the two sets of bullets suggests that centrifugal
force and curvature weaken over-reflection and, if sufficiently strong,
stop hyper-reflection.

Thus, the scattering properties of a ring and a jet are close only if
the ring’s width is smaller than its radius of curvature, and the centrif-
ugal force is weaker than the Coriolis force. Nondimensionally, these
conditions amount to

W<<l 1
Ty ’ W

< 1,
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FIG. 6. Unstable disturbances with k = —4 for rings described by expression (38) with r, = 3 and AH = 0.9. The solid and dotted curves show | h | and Reh, respectively.
The panel labels correspond to the points marked by circled a, b, and ¢ in Fig. 5: (a) and (b) show the radiative and non-radiative disturbances for W = 0.65; (c) shows one
of the two non-radiative disturbances for W = 0.85.

respectively. Note also that, for the hyper-reflecting rings illustrated in Note that, in the limit r, — 00, the rings’ curvature becomes

Figs. 2 and 3, small and their scattering properties should tend to those of jets. This

% 1 is indeed the case: numerical experiments show that rings with large

max{r—} ~ 0.2, max{r } ~ 0.5. 1, hyper-reflect more waves, and the radial wavenumbers of these

Y k waves are more densely distributed. This effect can be observed even

These numbers illustrate how far a ring can be from a jet and still for moderate values of r,—compare Fig. 2 (r, =3) and Fig. 3
hyper-reflect. (r, = 4).
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V. HOW DO THE WAVES AFFECT THE VORTEX?

The mere fact that the amplitude of a wave reflected by a vortex
is infinite suggests a strong impact of the former on the latter. More
generally, over-/under-reflected waves weaken/strengthen the vortex,
respectively, and it is unclear whether a wide spectrum of inertia-
gravity waves (which is always present in the real ocean—see, for
example, Ref. 64 and references therein) drains or pumps up oceanic
vortices. A similar problem was examined by Benilov et al” for
Rossby waves and straight flows.

A. Dynamics of the vortex

Let ¢ be a measure of the wave amplitude. It is clear (and agrees
with the results of Ref. 65) that the vortex evolves at a timescale
~ &2, 5o that the asymptotic method of multiple scales should be use-
ful in this problem. Introducing, thus, the slow time,

T = &t

and treating it as an independent variable alongside f, we rewrite the

governing equations (4)-(6) in the form
Ou | 2 0u %-ﬁ-g(@— >+@f (40)

oot ar Tr\ao ") Tar T

ov ,0v ov v (0ov 10h

E‘f’g ﬁ+ua+;(%+u)+;%——“7 (41)
Oh  ,0h  O(ruh) O(vh)

7’54‘& 8—T+T+ 90 =0, (42)

and expand the solution in ¢ up to the second order,

u=cu(t,r,0) + &uy(t,r,0) + O(&),
v=V(T,r) +eb(t,r,0) + a(t,1,0) + O(),
h = H(T,r) + ¢h(t,r,0) + hy(t, 1, 0) + O(c).
The zeroth-order solution represents the vortex (which now depends
on the slow time T), and the first-order solution represents a superpo-

sition of harmonic waves with various radial wavenumbers g and azi-
muthal wavenumbers k,

il = 2Re JOO ar(q) e * = dgq, (43)
k;o o aa) q

b = 2Re Z J ax(q) e~ dgq, (44)
k=—00"0

I = 2Re Z [ ar(q) izei(ke_“)t)dq. (45)
k=—00"0

In these expressions, ax(q) is the amplitude of an incident harmonic
(q,k), and the functions (i1, 9, h) satisfy the “old” boundary-value
problem (19)-(22), (26) and (27), where the incident wave is of unit
amplitude.

It should be emphasized that ay(g) is the amplitude of the inci-
dent wave far from the vortex, i.e., a characteristic of the background
oceanic wave field. There are numerous measurements of its charac-
teristics (e.g., Ref. 66 and the papers cited therein), but it is not clear
how ai(q) can be inferred from those: mathematically, we need to

pubs.aip.org/aip/pof

“extract” from a random wave field the waves that converge on a
given vortex. This issue is examined in Appendix D.

It is also argued in Appendix D that random waves with different
wavenumbers are uncorrelated, which mathematically amounts to

(ak(q) ax, (q1)) = 0, (46)
(ax(q) ag, (q1)) = A(q) 6(9 — q1) Okk» (47)

where the angled brackets denote ensemble averaging, d(q — q;) is
the Dirac delta function, and Jy, is the Kronecker delta. The real,
positive function A(q) is a characteristic of the background wave field;
as shown in Appendix D, it can be inferred from the two-point corre-
lation function of the free-surface elevation (which is one of the most
common characteristics measured in the ocean).

The vortex evolution is described by the averaged version of
the second-order equations, of which only two are needed [(40)
yields the second-order gradient-wind balance relating (7,) to (h,),
neither of which happens to contribute to the vortex’s dynamics].
We shall also replace the second-order version of the azimuthal
equation (41) with that of the energy equation (9) (which shortens
calculations and is helpful for physical interpretation). Finally note
that the averaged solution is independent of the fast time ¢ and azi-
muthal angle 0.

With all this in mind, one can write the averaged second-order
versions of Egs. (9) and (42) in the form

o or((ah) + (i) H)|

aT or =90 “8)
o ( v* HY\ 0 . V2
rar (H7 + 7) +a {r{wz) (H7 + Hz)
2
+(ab)HV + (ih) (VT+ ZHN } =0. (49)

Evidently, these equations include the Reynolds stress, (ith) and (it7):
these can be calculated using expressions (43)-(45), simplified using
Egs. (46) and (47), and then # and © can be expressed through / via
(19) and (20). Eventually, we obtain

=3 [ awh(o-2) (ghh —%’fﬁ)dq,

k=—00"0
X[, ikF[0h.« Oh .

Substituting these expressions into Egs. (48) and (49) and replacing
(11,) with a new variable U defined by

U = rH(ii,)
> irF kV\ ,(0h. Ok .
ﬂ;oojo A(”’)ﬁ(w‘7>“‘ (arh —&h>dq, (50)
we obtain
o =0 (51)
or ' or
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2 [
o\ 2 "2 ) Torl\ 2

2, [ i) Oh .« b
+ k;ﬂ L wA(q) o [wF (87 h o h>:| dg=0. (52)
These two equations govern the depth H(T,r) and the radial mass
flux U(T,r). The swirl velocity V(T,r) can be deduced from the
leading-order gradient-wind balance (7). The function / (describing
scattering of an incident wave of unit amplitude) is determined by the
old boundary-value problem (22), (26) and (27). Finally, the function
A(q) describes the amplitudes of waves coming from infinity and,
thus, should be viewed as a given coefficient.

Note also that the two terms in expression (50) for the mass flux
U represent the flow generated by the wave-vortex interaction and
the Stokes drift (a weak flow due to the wave’s nonlinearity).

B. Discussion

To understand the physical meaning of the equations derived,
note that the second and third terms in Eq. (52) represent the energy
fluxes carried by the mean flow and the waves, respectively. Evidently,
the latter flux involves the Wronskian (28), which is piece-wise con-
stant and “jumps” only at the wave’s critical levels, making these the
only points where the wave-vortex energy exchange takes place.

Observe that Eq. (52) includes the derivative of the Wronskian, so
that a jump of Wr gives rise to a delta function describing a point source
or sink. The positions of these sources/sinks depend on the harmonic’s
wavenumbers g and k; hence, upon integration with respect to the for-
mer, the source term in Eq. (52) should become finite and continuous.

The only exception from this conclusion is a situation where
hyper-reflection occurs.

To understand why, consider a ring (vortex with non-
monotonic dependence of the angular velocity on r), in which case
incident waves may have either one or two critical levels. As stated
before, hyper-reflection typically occurs in the latter case; thus, let the
radii of the two critical levels be r; and r,. Denoting the correspond-
ing Wronskian jumps by A, and A,, we conclude that

2 {(%h%)] M) + And(r— 1),

whereas formulas (29) show that

2
A+ A, =§(|R|2— 1). (53)
Note that, for an over-reflected wave, A; + A, > 0.
Now, consider a hyper-reflected harmonic (g, k) and recall
that, as established in Sec. I11 B 2,

R ~lg—aqn™ as q— qe

As a result, the integral with respect to g in the third term of the
energy equation (52) diverges at r = r; and/or r = r,. Common sense
and the sign of the right-hand side or equality (53) indicate that the
net energy flux carried away by the hyper-reflected wave is positive,
suggesting that it drains a significant share of the vortex’s energy in a
short time.
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It does not, however, drain all of the vortex’s energy.

To understand why, recall that hyper-reflecting vortices do not
represent the generic situation: for vortices (38), for example, they
correspond to isolated curves in the (r,, W) parameter plane. Thus, it
is safe to assume that generic variations of the vortex’s profile stop
hyper-reflection, including a variation caused by the energy drain to
an H-R wave. In other words, a hyper-reflecting vortex “tunes itself
out” of hyper-reflection.

Another interesting scenario arises when an initially non-hyper-
reflecting vortex becomes one while evolving under the influence of
an external factor (e.g., bottom friction, slowing the flow down). A
definitive answer as to what happens in this case can only be obtained
via simulation of evolution equations (51) and (52), but, unfortu-
nately, this is not an easy task: they are coupled to the scattering
boundary-value problem (22), (26) and (27), which needs to be solved
at each time step for each wave of the spectrum.

In contrast with vortices, the behavior of straight jets is clear: all
of these hyper-reflect and, thus, cannot tune themselves out of hyper-
reflection, hence, quickly lose energy. Only curved or zigzagging jets
can avoid hyper-reflection, which is qualitatively consistent with
observations, as most oceanic jets meander.

VI. CONCLUDING REMARKS

The main conclusion of this work is that hyper-reflection can
occur for vortices, but only for ring-like ones, whose widths W are
noticeably smaller than their radii 7, (it remains to be seen how often
such vortices arise in the oceans and atmospheres of real planets).
Small rings and eddies (with W ~ r,) can over-reflect, but not hyper-
reflect.

It has also been shown that hyper-reflection is always a sign of
radiative instability, so that any change of the ring’s parameters ren-
ders the hyper-reflected wave unstable. The converse does not hold,
however: rings that are unstable at sub-inertial frequencies cannot
radiate inertia-gravity waves, hence, cannot hyper-reflect.

It should be noted that the mostly numerical results presented in
this paper can be complemented by analytical approaches, e.g., by
examining the asymptotic limit of small Froude number (similar to
Ref. 31), or by studying the WKB limit of waves (similar to Refs. 34
and 56), or by exploring the wave-flow energy exchange (similar to
Refs. 56 and 57). The problems examined in these papers are similar
to ours, and their results should be qualitatively relevant, or perhaps
even applicable. Our understanding of wave-vortex interaction can
also be advanced through the slow-evolution equations (51) and (52),
possibly under the additional assumption that the waves are short, so
that the WKB approximation applies.

Note that our conclusions do not apply to draining (bathtub)
vortices, which over-reflect due to a turning point, not a critical level.
One should still expect a certain degree of likeness between the two
kinds of vortices. If indeed so, the shape of the drain and the bottom
topography around it should alter the over-reflection coefficient and,
potentially, can even turn it into hyper-reflection. As a result, bathtub
vortices could over-reflect much stronger than the 14%*8% mea-
sured by Torres et al."®

It is worth commenting on whether hyper-reflection and related
effects can be observed in an oceanic experiment: admittedly, the high
costs of simultaneous measurements of a vortex and the wave field far
from it make such an experiment difficult to perform. It should be
much easier—and still informative—to carry out a numerical
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experiment using a realistic ocean model, such as the Regional Ocean
Modeling System®” or the Nucleus for European Modeling of the
Ocean.”

It would also be of interest to examine how H-R of waves by vor-
tices is affected by nonlinear effects: given the high amplitude of the
hyper-reflected wave, nonlinearity may be important. Similar studies
for plane flows*” "' suggest that, in the absence of viscosity, nonline-
arity does not arrest hyper-reflection, potentially leading to the devel-
opment of a finite-time singularity. If, however, viscosity is
introduced into the model, one should expect it to regularize the sin-
gularity to a large but finite value, as well as—more generally—the
entire effect of hyper-reflection.

ACKNOWLEDGMENTS

This work was supported in part by Taighde Eireann—
Research Ireland under Grant 18/CRT/6049.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

C. Nolan: Methodology (equal); Software (equal). E. S. Benilov:
Conceptualization (equal); Formal analysis (equal); Methodology
(equal); Project administration (equal); Writing - original draft
(equal); Writing - review & editing (equal).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were
created or analyzed in this study.

APPENDIX A: BOUNDARY CONDITION AT THE CENTER
OF THE VORTEX

The structure of the steady-state solution I;(r) as r — 0 cannot
be clarified within the framework the steady-state equation (22),
because the regular and the singular solutions differ by their physi-
cal meaning, not because one of them is mathematically incorrect.

In what follows, we show that the regular solutions are the
ones emerging from the initial-value problem as t — co. This con-
clusion is natural and intuitive, whereas the (forthcoming) deriva-
tion justifying it is cuambersome, yet the latter seems to provide the
only means of ascertaining the former.

Observe that, as ¥ — 0, the swirl velocity V(r) is close to zero,
and the vortex thickness H(r) is close to a constant (which can be
scaled out of the problem). It is also reasonable to assume that the
wave field near r = 0 does not depend on where the waves are
coming from; hence, the wave source located at infinity can be
replaced with one located at a finite r. These assumptions allow one
to formulate a simple test problem clarifying the boundary condi-
tion at the center of the vortex in general.

Thus, let V=0 and H = 1, and assume that waves with an
azimuthal wavenumber k are generated by a circular, infinitely thin
source located at r = r;. In this case, Eqs. (10)-(12) become

pubs.aip.org/aip/pof
dn Oh _ v 10h
E+E_U7 E+;%__u7 (Al)
oh  9(rit) b g_wn
ra-i- o +%— e o(r—ry), (A2)

where 0(r — ;) is the Dirac delta. One could also insert source
terms in Egs. (A1) (which would correspond physically to a slightly
different way of generating waves), but these would only make the
algebra more tedious without changing the final conclusion.

Equations (A1) and (A2) will be solved with the simplest ini-
tial condition,

=0, =0, h=0 at t=0. (A3)

One can safely assume that a singularity at r = 0 cannot develop at
a finite t; hence,

#—0, -0 h—0 as r— 0. (A4)

We emphasize that this boundary condition does not rule out a sin-
gularity emerging as t — oo.

It can be verified by inspection that the solution can be sought
in the form

b=0(t,r)e",  h=H(tr)e",

so that Egs. (A1)-(A4) become

i=u(tr)e*,

8_1/1/_’_8_]’1,7 / 8_U,+ikh,7_’
o "o o r o
o ) b it

rﬁ—i- o + ikt = e 0(r —1y).

It can be verified by inspection

=0 vV=0 HK=0 at t=0,
W —0 V-0 H—=0 a r—0.

This initial-boundary-value problem can be solved using the
Laplace transformation. Denoting the transforms using overbars,

e.g.
u(s,r) = J W (t,r)e”*dt,
0
one can express i and ¥ through & and thus show that h satisfies
10 ( oh 5 k2) . S+
——\r=) - 1+— |h=—-———=—06(r—r1,), (A5
ror (r 81’) (S * Jr1’2 s(s +im)r, (r=r), (A5)
h—0 as r—0. (A6)

Equation (A5) and boundary condition (A6) do not fully determine
the solution, as one also needs a condition as r — co. Since the
source in our setting is at a finite r, waves are not coming from
infinity — mathematically, this corresponds to

h = Cor V267 4 O(r_S/z) as r— 00, (A7)

where the constant C, is to be fixed later, and

q= —s2 — 13 (AS)
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where the branch of the square root on the plane of complex s is
fixed by a cut along the segment (—i, i) and the condition

Req >0 if Re(—s*—1)>0, (A9)

which guarantees that Eq. (A7) describes waves traveling away
from the origin.

Following the standard approach to linear differential equa-
tions with a delta-function on the right-hand side (see pp. 16-19 of
Ref. 72), one can deduce that the solution of Eq. (A5) is continuous
atr=rs,

lim h— lim h= 0, (A10)
r—r+0 r—rs—0
while its derivative jumps by the amount equal to the coefficient of
the delta function,
Oh Oh st 41
lim ——- lim —=-——-——. All
0 dr  rerto dr s(s + iw)rs (ALD)
The boundary-value problem comprising Eq. (A5), boundary con-
ditions (A6) and (A7), and matching conditions (A10) and (A11)
can be readily solved. We only need the solution for r < r,, which is

in(s? 4+ 1)[Jjg (qrs) + iYj(grs)]

h= 2s(s +iw)

Jik(qr),

where Ji and Y are the Bessel functions of the first and second
kind, respectively.

To find the original function H'(¢,r), one needs to calculate
the inverse transform of il(s7 r),

a+i00o (2 :
Y J i(s? + 1)k (qrs) + 1Yk (qrs)] T (ar)eds,

g—ioo 45(5 + lw)

where ¢ is a real positive number. The integrand in this integral is
analytic except:

(1) the point s = —iw where it has a first-order pole,
(2) the cut (—i, i) across which it has a jump [caused by that of g—
see Egs. (A8) and (A9)].

Thus, one can reduce the above expression to

(=1 [y (Vo? =1r,) +iYjy (Vo2 =1r)]

"= i k| (Mr)
2iw
o [ Dk (grs) +iY g (qry)] )
e t+§ élls‘(s-i-iw) A ]Ik\(qf)e 'ds,

(A12)

where the integral is to be evaluated around the cut (—i,i)
counterclockwise.

The first term in expression (A12) describes a steady wave
field of frequency ; its spatial structure is determined by
Jikl (\/ ®? — 1r), which is regular as r — 0 and satisfies boundary
condition (27). The second term is also regular, but is irrelevant to
the steady problem: it describes a continuous spectrum of “quasim-
odes,” i.e., interfering (cancelling each other) waves, decaying as
t — oo (as continuous-spectrum disturbances do in parallel
flows"®** and vortices”").

pubs.aip.org/aip/pof

APPENDIX B: ASYMPTOTICS OF THE SOLUTION NEAR
APPARENT SINGULARITIES

Near an apparent singularity, expression (21) yields

Fy
¢ = B0

where £ =1 —r,,

f, = sign |:F_1 (w - kTV) } , (B2)

and the expressions for F_; and F, will not be needed. Given Egs.
(B1) and (B2) and equality (31), one can deduce the following lim-
iting form of Eq. (22):

d a r.Fo dh
d—f{[z——m“w—_l”@} d_é}

h=0 as ¢—0, (B3)

and V, = V(r,). Equation (B3) admits two linearly independent
solutions,

F=

+F+0(&) as &—0, (B1)

where

=240, hh=14A+0E1né) as &—0.

(B4)

Then, expression (28) with h represented by an arbitrary linear
combination of h; and hz shows that the Wronskian is continuous
atr,.

We have also calculated the term O(&In¢) in expansion
(B4), and it turned out to be zero. This cancelation suggests that
apparent singularities can be completely removed from Eq. (22) by
a suitable substitution, the same way this was done by Vanneste
and Yavneh™ for a straight flow with constant shear on the f-plane.
Our setting is slightly different, however: a curved flow and variable
shear. As a result, it is not evident that the substitution suggested
by Vanneste and Yavneh™® eliminates all of the singular terms in
our Eq. (22).

Numerically, the apparent singularities can be handled in the
same way as critical levels, so the absence of a rigorous proof of
regularity of h at r = r, does not pose a problem.

APPENDIX C: COMPUTATION OF THE REFLECTION
COEFFICIENT

When computing the reflection coefficient R numerically, one
has to handle the singular points of Eq. (22): the origin r = 0, the
infinity r — o0, the critical levels (there can be either one or two of
these), and the apparent singularities (also one or two).
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To avoid the singularity at the origin, the left end point of the
integration path was moved to r = ry (0 < ry < 1), and the bound-

ary condition there was set according to asymptotics (27),

dh

h=cll =il at r=r, (C1)

dr

where C is an undetermined constant. The singularity at infinity
was “moved” to a finite point r =1y (1 K 1o < 00), and the

boundary condition there was set according to asymptotics (26),

: ; . dh . _
h = r;l/Z(e—lqrx + Re‘q’“) di — iqr—l/z(_e_lqrm + Relqrx)
r

00

at =1y, (C2)

Note that, in the condition for dh /dr, the term ~ r;j/ 2 was omitted
because it is comparable to the error of the original asymptotics

(26).

The parameters ry and r,, were chosen to ensure that, if they
are doubled or halved, the computed reflection coefficient would
not change by more than 107. In practice, this requirement

amounted to
1073 <ry=<1072,
1o+ 10°W S 1y S 1, + 10%r,,

where 1, is the vortex’s radius and W its width.

The problem’s singularities were handled using the approach
proposed by Boyd:"* r was treated as a complex variable, and the
path of integration was deformed to circumvent the critical levels.
The semi-plane through which a particular critical level was cir-
cumvented was chosen in accordance with the sign of the parame-
ter f. given by Eq. (33): the critical level that is infinitesimally
shifted upwards (f. > 0) was circumvented through the lower

semi-plane, and vice versa (see Fig. 7).

One of the apparent singularities is typically located between
the critical levels, so that it can be avoided by adjusting the point
where the path of integration crosses the real axis. The other appar-
ent singularity is avoided automatically as the path of integration

does not come back to the real axis until 7.

Observe that both boundary conditions involve unknown
constants: conditions (C1) involve C, and condition (C2) involve R.

This implies that the boundary-value problem (22), Egs. (C1) and

(C2) is to be solved iteratively.

®

Ty
L 2 L @ L

0 \'/ "

FIG. 7. Path of integration for Eq. (25) on the plane of complex r (a schematic).
The circles and squares show the positions of the critical levels and apparent sin-

gularities, respectively.

ARTICLE pubs.aip.org/aip/pof

A simpler approach—without iterations—consists in replacing
h with

As a result, the unknown parameter C is scaled out from conditions
(C1), and the solution can be simply “shot” from r = r, toward
r = 'o. Then, the reflection coefficient can be calculated using the
solution computed at 7., via the formula

1-—
—+

)

R = e—Ziqr‘,C

)

where

i iy
Ghuew dr

Note that the described procedure yields the reflection coefficient
R, but the eigenfunction h is computed for complex values of the
coordinate r. To find h(r) for real r, one needs to compute the solu-
tion numerically on the real axis between the singular points of Eq.
(22), then patch the piece-wise solution using asymptotic expan-
sions about the singular points. For sufficient accuracy, 3-4 terms
must be calculated analytically in each expansion, making this
approach cumbersome and time-consuming.

If, however, Im @ # 0, Eq. (22) does not have singular points
on the real axis, and the above difficulty does not arise. This is how
unstable solutions graphed in Fig. 6 were computed.

Finally, once the integration path was specified, the solution
was computed along it using the explicit (4,5) Runge-Kutta for-
mula,”” as implemented in MATLAB’s ODE45 function.

APPENDIX D: DERIVATION OF CONDITIONS (46)
AND (47)

This paper employs a cylindrical representation of waves,
whereas real wave spectra are typically measured in Cartesian
form. Thus, we need to be able to subdivide a Cartesian spectrum
into cylindrical waves traveling toward a given vortex and those
traveling away from it. The former are, essentially, incident waves
[and, thus, should satisfy conditions (46) and (47)], whereas the lat-
ter are unimportant, as they simply merge with the wave field
reflected by the vortex.

In what follows, we first derive the Cartesian versions of con-
ditions (46) and (47), then convert them to the cylindrical form, as
required.

1. The Cartesian equivalent of conditions (46) and (47)

Introduce the horizontal Cartesian coordinates r = (x, y), so
that the elevation of the free surface generated by a spectrum of
random waves is given by

h(r,t) = 2Re J’?(q)ei(q‘r‘”t)dzq, (D1)
where 7(q) is the amplitude of a harmonic q = (gx,q,), and

o= 1+g¢+ qﬁ)l/ ? is its frequency. We define the two-point cor-
relation function by
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C(rhrl) = <h(rl)h(r2)>7 (D2)

where (- - -) denotes the average of - - -. Substituting (D1) into (D2),
one obtains

Clrw,n) = 2Re J J {(n(a)) n(gy)eiarmasmmioren

+(n(qy) n*(qy)) e lum gm0 }d2q1d2q2~

Let the wave field be spatially homogeneous, so that C depends
only on r; —r, (not on r; and r, separately). Then it follows from
(D3) that

(D3)

(n(q,)n(qy)) =0, (D4)
(n(q,)n*(q,)) = A(q,) 4(q, — q,), (D5)

where the latter equality implies that Aq > 0. Equalities (D4)-(D5)
are standard parts of the theory of random waves originating from
the seminal paper by Hasselmann.”

Assume additionally that the wave field is isotropic, so that
C(r) depends only on r = |r| and A(q) depends only on g = |q|.
Now, substituting (D4)-(D5) into (D3) and letting r; — r, = r, one
obtains

C(r) = JA(q) cos(q - r) d’q. (D6)

Note that, if the correlation function C(r) is known, one can readily
deduce A(g) from (D6) via the inverse Fourier transformation.

2. Cartesian and cylindrical wave spectra

Consider a vortex located at the origin, r = 0, and introduce
the polar coordinates in both (x, y) and (qx, g,) planes,

x = rcos0,

4x = qcos ¢,

y=rsinb,
gy = gsin ¢.
Then, expression (D1) for the wave field becomes

_ 27
h = 2Re J

0

J ;,I(q7 (/))ei[qrcos((?—qﬁ)—wqt] q dq dd)
0

Next, expand h in a Fourier series with respect to 0,

h(r,0) = i hi(q,7,t) e’ (D7)

k=—00

where the Fourier coefficients are

hi(g,7,1)

21 21 (00
_ ZLJ {ZRC [ J '7(‘17 d))ei[qrcos(O—d))—wqt]q dq d¢}e—ik0 d6.
Jo Jo

0
(D8)

To extract from this expression the boundary condition for the
scattering problem, one needs the asymptotics of Eq. (D8) as
r — oc. Applying, thus, the stationary phase method and substitut-
ing the resulting expression for hi(q,r,t) into Eq. (D7), one
obtains after straightforward algebra,

ARTICLE pubs.aip.org/aip/pof

~ o0 00 i(qr-%—k()—(uqt)
h = 2Re J Z |:ak(q)e\/;

k=—00

(ke ei(—qr+k9—w,,t) (D9)
+ak(4)e_m( ) \/;} dq,
where
B \/qe—in/zt J~2n ik
ak(q)—iﬂ—n . n(q, ¢)e”""d¢. (D10)

The first and second terms in the square brackets (D9) represent
the waves traveling toward and away from the vortex, respectively,
and expression (D10) for ax(q) provides the amplitude of the for-
mer (it is the same as ax(q) in Eq. (45) of the main body of the
paper).

Calculating (ax(q) ar(q)) and (ar(q) a;(q)), recalling the
Cartesian conditions (D4) and (D5), assuming isotropy [so that
A(q, ¢) depends only on g], and keeping in mind that, in polar
coordinates,

1
q1

we obtain conditions (46) and (47) as required.

0(q; — @) = —3(q1 — q2) 0(by = 3),
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